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Tom tat ’
Tac gia su dung khai niém gidi han Banach dé
chiing minh mot so khang dinh trong ly thuyet cac
phwong trinh sai phdn tuyén tinh, dua ra mét so Vi
du &p dung cac khang dinh nay.

Tiwr khéa: Gisi han Banach, khéng gian Banach
cac day so thuc bi chan, phiém ham tuyén tinh lién
tuc trén mgt khong gian dinh chudn, Dinh ly
Hahn-Banach, phwong trinh sai phan tuyén tinh,
nghiém bi chan cua mét phuwong trinh sai phan.
Abstract

Using the concept of Banach limit the author
proved some assertions in the theory of linear
difference equations. Some examples are shown as
an application of the proved assertions.

Keywords: Banach limit, Banach space of
bounded real sequences, continuous linear
functional over a normed space, Hahn-Banach
Theorem, linear difference equation, bounded
solution of a difference equation.

1. Mé dau
Trong bai béo nay ky hiéu N chi tap hop cac s6

nguyén duong, R chi tap hop c4c sb thuc, ¢*(N) chi

khong gian Banach céac day sb thuc bi chan vai chuan
supremum:

x| =sup e )

NEU: X = ( Xy, Xpyeers Xypenr) € £7(N),

ky hiéu ¢ chi khong gian con dong cac day s thuc
hoi tu cia ¢ (N).

Pinh nghia 1: Mot phiém ham tuyén tinh lién tuc

®:¢”(N) > R duoc goi la mét gisi han Banach

tren (”(N) néu @ co céc tinh chét sau:

) Néu X= (X[, Xy,0ry X;y0e.) EC

thi: d(X) =1lm x, ;

nN—oo

i) Néu X= (X, Xy,00, Xyy...) € £7(N)

thi: liminf X, < ®(x) < lim sup x,,;

iii) [ =1;

iv) Néu S:/”(N) — ¢(N) Ia toan tx dich
trai, nghia 1a: VX =(X;, X, X, ,...) € L7(N)

S(X) =Y = (Y1 Y2rrees Yoeoo)s

trong d6: Y, =X,,; (VneN),
thi: D(SX) = D(X)

voimoi X= (X, Xp,ery X, yeen) € £7(N).

Cha y: Ton tai nhiéu phiém ham tuyén tinh @
théa mén Dinh nghia 1.

Sy t6n tai cua gigi han Banach ® duoc chung
minh dya trén Pinh ly Hahn-Banach vé théc trién
phiém ham tuyén tinh lién tuc (xem [1] [6] [8]).Trong
khong gian dinh chuin thuc Dinh 1y nay dugc phat
biéu nhu sau:

Pinh ly Hahn - Banach: Cho X 1a mét khéng gian
dinh chuan thyc va Y 1a mot khong gian dinh chuan

con cua X, T 1Y — R 1a mot phiém ham tuyén tinh

lién tuc trén Y voi chuan ||f|| Khi d6 ton tai mot

phiém ham tuyén tinh lién tuc F : X — R ¢6 tinh
chat sau:

F(y)=f(y) wimoi yeY, |[F|=|f|.
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(Phiém ham F duoc goi 1a mot thac trién cua
phiém ham f tir khong gian con Y ra toan bo khéng

gian X véi chuan dugc bao toan).

Céc nghién ctru sau hon vé tinh chét cia gioi han
Banach cuing cac ung dung cua khai niém nay trong
nghién ctru céc ideal toan tir dugc cong bé trong [2-5]
va cé4c tai lieu tham khao duoc trich dan ¢ do. Ly
thuyét cac phuong trinh sai phan c6 lién hé chat ché
véi ly thuyét ddy, va vi vay céac khai niém téng quat
Vé giGi han day nhu khai niém gidi han Banach phai
tim duoc céc tng dung trong ly thuyét nay. Tuy nhién,
cho dén thoi diém hién tai tac gia bai bao nay chua
phét hién thdy cac cong b lién quan dén ung dung
khéi niém gisi han Banach trong ly thuyét phuong
trinh sai phan.

Tuong ty nhu trong 1y thuyét cac phuong trinh vi
phan, trong ly thuyét phuong trinh sai phan, ngoai
viéc tim nghiém cua cac phuong trinh da cho nguoi ta
con quan tam dén cac tinh chat ciia nghiém, chang han
tinh bi chan, tinh hoi tu hoic 6n dinh caa cac nghiém.
Viéc nghién ctu tinh chat ciia nghiém nhiéu khi 1a méi
quan tdm hang dau cua cac nha nghién ctu, bai I biéu
thirc tudng minh cua nghiém trong da s6 cac truong
hop la khong thé tim duoc.

Trong bai bao nay, tac gia nghién ciru tinh chét bi
chan cua nghiém dbi vai mot 16p cac phuong trinh sai
phan tuyén tinh hé s hang cap tiy y. Két qua chinh
cta bai bao dugc trinh bay dudi day va dugc chung
minh dya trén khai niém gidi han Banach.

2. Két qua chinh

Pinh nghia 2: Mot nghiém bi chan cua phuong

trinh sai phan cép k trén N dang:

F(X, e X,,N) =0 (1)

lamot phan tr X = ( Xy, Xp,eey X, ) € £7(N)

lam cho phwong trinh (1) tr thanh dong nhat thic véi
moi neN.

Pinh nghia 3: Néu T: X — X lamotanh xa

tir tap hop X vao chinh né va k 1a sé nguyén > 2 thi
ta ky hiéu hop lap caa T véi chinh né k lan

To..oT la T* va quy uée
K

Tx=1d(X) =x,T'x =Tx véimoi X eX.
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Nhan xét: Néu S:¢”(N) — ¢7(N) Ia toan

tur dich trai thi theo Dinh nghia 3, véi moi s6 nguyén
khdng am k ta cé:

k
S X= (Xk+l’ Xk+2""’xn+k"")

voimoi X= (X, X500y X, y.ee) € £7(N) .

Két qua chinh cua bai bao nay 1a dinh ly sau:
Pinh Iy 1: Xét phuong trinh sai phan tuyén tinh
cap k > 1véi hé s6 hang:

aOXn+k + a:I.Xn+k—l +...+ a'an = r(n) (2)
trong d6 a, #0,8,,...,a, 1a cac hing so thuc,

r(n) la mot ham sb thuc véi tap xac dinh 1a tap sé

nguyén duong N.

bat:
A:iajv r=(@.r(...rn)..)
Khi do:

a) Néu re/”(N) thi véi moi giéi han
Banach @ trén £*(N), moi nghiém bi chan (néu

€0) X=(X;,XyyeeeX,,...) ClUa phuong trinh (2) phai
théa man:

AD(X) = D(r) (3)
lim inf r(n) < Ad(x) <limsupr(n) (4

b) Néu r ¢ ¢*(N)thi phuong trinh (2) khong
¢6 nghiém bi chan;

c) Neu A=0, re/”(N)

va lim sup r(n) <0 (hogc lim inf r(n) >0 )

thi phwong trinh (2) khéng c6 nghiém bi chin. Néi
rieng, néu A=0,r e cvalim r(n) = O thi phuong
n—o0

trinh (2) khéng c6 nghiém bi chan.
Chieng minh:

a) Ky hieu S:/¢”(N)—¢*(N) la toan tir

dich trai. Vi cac ky hiéu da dua ra, phuong trinh (2)
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c6 thé viét lai duéi dang sau:
k .
> aSIx=r (5)
i—0

Néu @ lagisi han Banachtrén ¢ (N) thi tirtinh
chativ)cia @ tasuyra d(S™X) = D(X)
v6i moi s6 nguyén khdng am m.

Vi re(*(N) va @ la gioi han Banach nén

tir dinh nghia 1 va (5) ta cé:

a(r) = d)(_zk:ajsk’jx) = Zk:aj(D(Sk”'x) = Zk:ap(x) = AD(X) *

Viy (3) duoc chiing minh. Tir tinh chat ii) trong
Pinh nghia 1 cua gigi han Banach va (3) ta suy ra:

lim inf r(n) < ®(r) = Ad(x) < lim supr(n).
Vay bit ding thtc (4) dwoc chitng minh.
b) Boi vi toan tir dich tréi S tac dong tir £ (N) vao
¢*(N) nénnéu xe ¢ (N) thivé trai cia (5) 1a phan

tir thuoc ¢”(N) . Do d6 néu r ¢ ¢*(N) thi dang
thirc (5) khong thé xay ra. Nghia 1a phuong trinh (2)

khang thé c6 nghiém bi channéur & ¢/ (N) .

c) Giasttr A=0, re /*(N) va limsupr(n)<0.
Néu phwong trinh (2) c6 nghiém bi chan thi ton tai
X = (X, Xgyeeey Xyy0r) € £7(N) sa0 cho dang thirc

(5) dung. Theo bét dang thirc (4) cua khing dinh a) ta
suy ra:

O0=AD(X)<lmsupr(n) <0

Mau thuan.

Vay phuong trinh (2) khong thé c6 nghiém bi chan.

Tuong ty, NéUA=0, e ¢=(N)va liminf r(n)>0

thi lai sir dung bat dang thirc (4) ta suy ra phuong trinh
(2) khong thé c6 nghiém bi chan.

NéuA=0, recva limr(n)=0
N—o0

Thi liminf r(n) =limsupr(n)=a #0.
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Vi vay, chic chan phai xay ra mot trong hai kha
nang lim supr(n) <0 hodc liminf r(n)>0, theo

diéu vira chimg minh phuong trinh (2) khong thé c6
nghiém bi chan.
Hé qua: Diéu kién can dé day tong riéng cua chudi

sb thuc Zun bi chan a:
n=1

lim inf u, <0 <Ilimsupu, (6)

Chirng minh:

n
bat S, = Zuj tacé: S, —S, =U,
=L

Vay day {Sn }:10=1 la mot nghiém ctia phuong trinh
cip 1 hé sé hang

r(n) = un+l

sai phan tuyén tinh

Xpo1 — X, =(N)  vsi Ta c6

a,=La=-1, A=a,;+a =1-1=0 . Néu
day {r(n)=u,,}", khong bi chin thi theo khing
dinhb) cia Pinhly 1day {S, |7, khongthé bi chan.

Néuday {r(n)=u,.,}", bichanva (6)khong xay
ra thi phai xay ra mot trong hai bat dang thic sau:

0 <liminf r(n) =liminf u_

hoac  lim sup r(n) = limsupu, <O

Nhung khi d6 theo khiang dinh ¢) cua Binh ly 1
nghiem {S, " khong thé bi chan. Vay (6) 1a didu

0

kién can cho tinh bj chan cua déy tdng riéng {Sn}n:l

cta chudi iun .
n=1
3. Vidu 4p dung
Ap dung Dinh ly 1 va h¢ qua caa n6 ta c6 thé thu
dugc mot sb khang dinh trong giai tich toan, dac biét
1a di voi ly thuyét chudi va ly thuyét cac ham s thyc.
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Vi du 1: Néu chudi sb thyc Zun

n=1
c6 lim u, = o # Othi chudi phan ky.
N—o0
Chikng minh:
Boi vi lim u, = & # Othi khong thé xay ra bat

n—o0

dang thuc (6). Vay day tong riéng cua chudi Zun
n=1

khong bi chan, do do chudi »_ U, phan ky.
n=1

Vidu 2:

DAy tng riéng caa chudi sb thuc Z u,, khong bi

n=1

chan néu xay ra mét trong hai bat ding thuc sau:

lim sup(u,,,, +3u,) <0

n+l

hoac lim inf(u,,, +3u,)>0.

Chirng minh:

n
pitS, = ) U, taco:
=

S, +2S,,,-35,=U,,+3U,,,.

n+2
Vay day {Sn }:;1 12 mét nghiém cta phuong trinh
sai phan tuyén tinh cip 2 h¢ sé hang:

X2 t 2Xn+l _3Xn = r(n)
véi r(n)=u,,, +3U,,,.
Tacé: a,=1a =2,a,=—3

A=a,+a +a,=1+2-3=0,
va xay ra mot trong hai bat dang thirc sau:

lim sup r(n) = lim sup(u.,,, +3u,.,) <0 hoac

lim inf r(n) = liminf(u_,,+3u,.,)>0.
Ap dung khing dinh c) ciia Dinh ly 1 ta suy ra day

téng rieng {S, | khong thé bi chan.
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Vidu 3:
Cho f(x) la ham thyuc lién tuc va bi chan trén
khoang [0,+).

Khi d6, v6i moi bo sé thyc &, #0,a,,...,8,

k r
(k >1) thoa man Zaj —0 vasdthuc T>0, ludbn
j=0

tdn tai mot day s6 duong {Xn }:O=1 sao cho:
lim X, =+
N—o0

K
va lim Zaj f(x,+k-jT)=0.
nN—o0 J=0
Chwérng minh:
Néu véi moi s6 nguyén dwong N luén tim duoc

motsd X, >N sao cho:

0

k
Sa f(x+(k-)T)=0 i day {xf,
j=0

chinh 1a day can tim.
Néu diéu nay khong xay ra thi ton tai mot sé

Kk
nguyén duong m sao cho Zaj f(x+(k—j)T)=0

j=0

vdimoi X=m.

Vi Zk:a,-f(X+(k—j)T) lién tuc trén [M,+o0)

=0
nén tr d6 suy ra Zk:ajf(XJr(k_j)T) phai git
j=0
nguyén mot dau trén [m,+o0) .

Pé xac dinh ta xem < , véi
' Zolajf(x+(k—J)T)>0
=
moi Xx>m. Pat U, = f(ST) voi S nhan gia
tri nguyén duong. Khi do ta cé:

k K K
Zaj f(sT+(k-))T)= Zaj f((s+k-))T)= Zajuw_j >0
j=0 j=0 j=0

AP m
v&imoi s> —.

T
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k
Do dé: fiminf > a;u,, ;>0
j=0
X k SA . A ~
NEU |im inf zaju —g thi ton tai mot day

=0

s+k—j

{s, 17, sao cho:
lims, =+o0
n—o0
k
va lmZajusﬁk_j =0.

j=0

Vay ta co:
k
lim > a,f(s,T +(k-j)T)=0-
N—o0 j:0
Nhu thé, day {x, = §,T |, 1 day can tim.

, k
Neuim inf > au

j=0

>0

s+k—j

s+k—j

k
thi dat r(s) = Zaju
j=0

taco: liminf r(s)>0.

Do Zk:aj _ o &p dung khang dinh c) ciia Binh Iy 1
=0

ta suy ra phuong trinh sai phan i 8z, =r(s) *)
=0

khong thé ¢ nghiém bi chan. Nhung didu nay dan t6i
mau thuan, vi 16 rang day {u, = f(ST)}7, Ia mot

nghiém bi chan cia phuong trinh (*). Mau thuan nay

chung to khong thé xay ra kha ning
Kk

lim inf > a,u

j=0

> 0. Vay khang dinh caa ménh dé

s+k—j

dugc ching minh.
Ménh dé phét biéu trong Vi du 3 1a tong quét hoa
Cua bai toan dudi day (xem [7] bai toan 752):

Cho f(X) 1a ham thyc lién tuc va bi chan trén
khoang [X0,+oo) . Chirng minh rang véi moi s thyuc

T Iuén tim dugc mot ddy sé thuc {Xn }w sao cho:

n=1

lim X, =+

N—o0

va  lim[f(x, +T)=f(x,)]=0.

Thuc vay, néu can thay f(X) boi ham

g(x) = f(x+Xx,) tacothéxem x,=0.

Néu T=0 thi khing dinh cua bai toan Ia tim
thuong.
Néu T <0 thido ding thuc:

im[f(x,+T)—f(x,)]=0 tuong duong véi

ding  thuc

im[f(y,-T)-f(y,)]=0 VoI
Y, = X, +T nén ta co thé xét bai toan véi gia thiét

T > 0. Nhu thé bai toan néu trén Ia trudng hop riéng
cia ménh d& phat biéu trong Vi du 3 voi

l( = ]1 Eio = ]q Eil = ——1“
Vi du 4:
Néu sb thue a#0 va bo sb thuc

a, #0,a,,..,a, (k=>1) thoa mén ia,:o thi

i=0

phuong trinh ham ia_fk—Jﬂ khéng cd
]

X) =«
j=0
nghiém trong l6p c&c ham thuc bi chan duoc xac dinh

trén tap s6 thuc R. O day, ky hieu ™ (m>1) chi

hop lap cua anh xa f : R — R duoc dinh nghia

trong Pinh nghia 3.
(Nhu vay, tir khiang dinh dugc phét biéu trong vi
du 4 ta co thé két luan rang, chang han, phuong trinh

ham  f (f (f(x)))—2020 (f(x))+2019f (x) =

khong c6 nghiém bj chan trén R néu o # 0).
Chieng minh:
Gia sir trai lai rang ton tai mot ham thuc  f (x)

xéc dinh va bi chan trén toan tap sb thuc R thoa méan:

K
Zaj f*M(X)=a véimoisdthuc x (7)
i0
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bat:  u,=0,u, = f(0),u, = f(u,,)=f"(0)

véimoi N>1.Thaytrong (7) X=U,, taduoc:
k . k .

Yaf i (uy)=a e Xa o (17(0)=a
j=0 j=0

k
<> a " (0)=a
=

Ping thic cudi cung trong diy dang thac trén
dung voi moi s6 nguyén dwong n nén ta suy ra day

{un }::1 Ia mot nghiém cuia phwong trinh sai phan cip

_ o Do f(X) laham bi chan

khésdhing gy -
JZ:(; jhn+k—j
trén R nén day {un =f"(0) }:O:l la mot day bi chan.

Nhung diu ndy dan dén mau thuin, bai vi theo khing

dinh c) caa Binh Iy 1, tir gia thiét Zk:aj _o VA

i=0

X

a # 0, ta suy ra phuong trinh sai phan Zk: a. o
J

nek—j —
=0
khong thé c6 nghiém bi chian. Mau thuin nhan duoc

ching minh khang dinh caa Vi du 4.
4. Két luan

binh ly 1 va céc vi du ap dung ching to khai niém
gi¢i han Banach (nhu 12 mét hé qua cia binh ly Hahn-
Banach) thuc sy c6 ich trong viéc nghién ciru tinh chét
nghiém cta cac phuong trinh sai phan ciing nhu céc
van dé& cua ly thuyét chudi, Iy thuyét cac ham s thuyc.

Céc két qua cua bai béo 1a san phim cua dé tai
nghién ciru cap Truong nam hoc 2019-2020: “Mét s6
g dung cua Pinh ly Hahn-Banach va Dinh ly Helly
trong gidi tich loi” .

Téc gia chan thanh cam on cac gbp y mang tinh
xay dyng cua cac phan bién an danh va cac chi dan vé
quy tac cua Ban bién tap tap chi. Nho cac gop ¥ va cac
chi dn nay ma bai bao da tot Ién rat nhiéu ca vé noi
dung 13n hinh thirc so véi ban thao lan dau.
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