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Tém tat
Trong bai béo nay, tap trung xay dung mé hinh dong luc hoc va thiét ké quy luét diéu khién
cho xe hai banh khi di chuyén trén mét phdng nghiéng. Viéc xay dung phuong trinh dong luc
hoc duoc thuc hién bang phuong phép Lagrange. Phuong trinh vi phan thu duoc la co s& dé
thiét ké quy luat diéu khién. Céc két qua tinh toan cho théy tinh hiéu qua ctia bo diéu khién.
Tor khéa: Péng luc hoc, diéu khién, phuong trinh Lagrange, héi tiép, héi tiép phi tuyén.
Abstract
This paper focuses on establishing dynamic model and control design for two-wheeled self-
balancing car running on slope. First, the motion equation of the system is obtained by
using Largange Il formulation. The differential equations of motion of the robot play a vital
role in designing controller. In this paper, results demonstrate how effective controller is.
Keywords: Dynamics, control, Lagrange, feedback, nonlinear feedback.
1. M& dau

Xe hai banh tw can bang, dwoc siv dung rat phé bién dé di chuyén trong mét pham vi gan, nhw
trong cac phan xwéng nha may, trong siéu thi hay trong cac khu du lich nghi dwéng,... Tt khi phat minh,
loai xe nay da dwoc nhiéu nha khoa hoc quan tam. Viéc nghién cru vé dong luc hoc va thiét ké quy luat
diéu khién cho xe da dwoc dé cap trong rat nhiéu cac cong trinh [2, 3, 4, 5, 6, 7], tuy nhién trong phan
I&n cac cong trinh d& cong bd, chii yéu tap trung vao viéc nghién ciru khi xe di chuyén trén mat phang
ngang, con véi viéc xe di chuyén trén mét phang nghiéng con it dwoc dé cap dén.

Trong bai bao nay, nghién ctru thiét 1ap phwong trinh ddng Iwc hoc khi xe di chuyén trén mét
phéng nghiéng va thiét ké quy luat diéu khién hoéi tiép dwa trén phwong trinh vi phan phi tuyén nham
muc tiéu banh xe chuyén dong déu ma than xe khéng bi méat 6n dinh.

2. Thiét lap phwong trinh vi phan chuyén déng

M& hinh co hoc clia xe hai banh kiéu con lac nguoc dwgc cho nhw trén Hinh 1, trong d6 banh
xe dwoc xem la vat ran déng chat c6 khdi lwgng ma1, ban kinh r, md men quan tinh cGa banh xe dbi
v&i khéi tam O clia né la Ji, chju tac dung cla ngau lwc Mg do déng co gan trén than xe gay ra.
Than xe 1a vat ran c6 khdi lwong mz, mé men quan tinh cta than xe déi véi khéi tam C clia ndé la Jz,
toa do cta khdi tam C dbi véi hé truc Oxy 1a (xc = a, yc = b). Goi M la ngau lwc ma sat can lan gitra
banh xe va méat dwdng, Mo 1a ngau lwc can do ma sat tai cac 6 truc. Khi di chuyén trén mét phang
nghiéng, hé co hai bac ty do. Goi g = [¢, 6]" la vécto toa dd suy réng cla xe, ¢ la géc quay cta banh
xe, 6 la géc nghiéng cla than xe so v&i phwong thang ding.

Yo,

Oy 7
Hinh 1. Mé hinh co hoc cta xe hai banh kiéu con lac nguwoc
_Ap dung phwong trinh Lagrange loai Il [1, 2], ta thu dwgc hé phuwong trinh vi phan m6 ta
chuyén déng cua xe hai banh dang con lac ngwgc cé dang nhw sau:
(3, +myr? +m,r?)¢p—myréfasin(@+a)—bcos(d + )]

- mzréz[acos(e +a)+bsin(@+a)] = —(m, +m,)gr sina +M,, —M, =M, )

(J, +m,a® + m,b?)d —m,r glasin(@ + a) —bcos(6 + a)]
=m,g(acos@+bsing)-M, +M,
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Dwa trén hé phwong trinh (1), ta di thiét k& quy luat diéu khién ddi véi xe nhdm dat dwoc muc
tiéu, xe di chuyén Ién dbc v&i van toe khong dbi va goc nghiéng 0= 0.

3. Thiet ké quy luat dieu khién . ’

Do anh hwéng clia ma sat can lan va ma sat tai cac 0 truc la nhd, dé don gian, ta bd qua cac
ma sat nay (M, = Mo = 0), sau day, ta di thiet ké quy luat dieu khién doi véi Mg, dé cho xe chuyén
doéng 6n dinh 1&n déc hodc xudng dbc véi van tbc v = const va = 0.

Xét hé phuwong trinh (1), ta dat:

C, =@, +mr?+myr?), C, =(J, +ma® +m,b*), C, =(m, +m,)gr sinx
h,(6) = myr[asin(6+a)—bcos(@+a)], h,(8) =m,r[acos(6+ a)+bsin(@+a)]
h,(0) = m,g(acos@+bsind), u=M,,
Khi d6 hé hai phwong trinh trén duoc viét lai nhw sau:

{clfp ~h(8)6—h,(0)6? =, +u o
C,0 -h(0)p = h,(6)-u
T phwong trinh thi nhét cta (2), ta suy ra:
= Ci[hl(e)é +h,(8)6° ~C, +u] @3)
1
Thay (3) vao phwong trinh th&r 2 cda (2), ta dworc:
C,0 - hl(a)ci[hl(e)é +h,(0)6° —-C, +ul= h,(6)—-u
1
< [CC, —hi(9)]6 = [h,(8) —C,]u +h,(8)h,(8)6% +C,hy(6) — h,(6)C, (4)
Ta dat:
A, =CC, —h?(9), A, =h,(0)-C,, A, = h(8)h,(8)6? +C,h,(8) —h,(6)C,
V@i A1 # 0, tir (4) ta suy ra dwoec:
G=L2yyls 5)
Al Al
Goi 6y 1a gia tri mong muén dat dwoc cla € o — 6,, 0 -0, § -0, tadat
e=60-0, = €=6,6=46
= s=L2yy s ©)
Al Al
DPé e, € € - 0, theo phwong phap phan hbi tuyén tinh héa, ta cé:
é=-Ke-K.e (7
V&i Kp, Kg 1a cac hdng sb duwong. Thay (7) vao (6), ta duoc:
ﬁu +£=—er—Kdé (8)
1 1
Tl d6 ta suy ra:
U A[-Ke-K e]-A, )
AZ
P u= Al[_Kp(a_gd)_Kde]_AS (10)
AZ
Sau day, sé chirng minh rang véi tin hiéu diéu khién (10) hé théng sé 6n dinh.
Ta dé thay hé (7) la hé tuyén tinh nén nghiém clia né c6 dang:
e(t) = ke ™ +k,e (11)
V&i ki, k2 1a hang sb, 41> 0, 12> 0 va - A1, - A2 1a nghiém cla phwong trinh d&c trwng:
A2 +KA+K, =0 12)

Dé don gian cho viéc chirng minh, ta cé thé chon Ky, Kq sao cho A1, 42 1a nhivng s6 thyc (vi
hé 6n dinh nén - 21 <0, - 22<0suyra 41> 0, 22 > 0). o

Vithé e(t),é(t) deu hdéitu vé 0 dwdi dang ham mi, dan dén () = e(t), d(t) = &(t) cling hdi tu
vé 0 v&i dang ham mi. Mé&t khac thay tin hiéu diéu khién (10) vao (13), ta dwoc:
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= [h?6 —C,h,0 —C/h,6% +C,(C, —h,) +(C,C,—hi)(-K e —K,€)] (13)

1—2
Dé tim chan trén cla |g(t)| ta can chu y méy van dé sau:
+Dé ton tai u(t), thi: |a,|> £, > 0.
+ Nguw¢i ta da chieng minh duoc:

lacos@ +bsing| < a’ +b; [asin(6 +a)-bcos(d+a)| < va® + b’ (14)
Tw d6 ta c6 thé tim chan trén cha ha(6), h2(6) c6 dang:
Ih,(0)| < m,rya® +b* =H, >0 ; |h,() < myrva®+b® =H, >0 (15)

+ Dé tim ché&n trén cda hs(6) ta 1am nhw sau: Theo cach dat 6= 6y + e, Do 04 12 gbéc & vi tri
can bang nén no phai théa man phwong trinh:

m,g(acosg, +bsing,) =(m,+m,)gr sina =C, (16)
Tlr d6 ta suy ra:
h, =m,g(acosg, +bsing,)cose + m,g(—asing, +bcosg,)sine a7)
bat:
C, =m,g(acosg, +bsing,)cose;C, = m,g(—asing, +bcoség,)sine (18)
Dé& thay Cs, Cs4 la cac hang sb, vay:
C,(C, —h,) =C,[C, —C, cose —C, sine] =C,[2C, sin*(e / 2) —C, sine] (29)
Chu y rang: sinx < x|+ [a+b|<|a|+|b|, khi do ta co:
[C,(C, —h,)| <[2CC, sin’(e/ 2)|+[C, sine| <CC; [e]+C,e] (20)
V@i nhirng chu y trén, tr phwong trinh (13) ta suy ra:
.. 1 . .. .2 )
1] < _Dhlr 6]+ C.ln|6]+ €, Ihul 6] +1C.(C, ~ ) +(CCal+ NI fle] + <o l€] | (21)
o |g< _[ 216+ CH,|0)+ CH, 0 +CC.lef +C, e[ HC.C, +HA(Kole|+[Kolle]]  (22)

V&i 6 =¢&; §=¢é néntaco:
|¢p] < E[Hf 6|+ C,H, [&|+C,H, [é] +CC, |e[ +C, [e| HC.C, +H)(K,|le| + |KD||e|] (23)
172

Do e(t) hdi tu vé 0 theo ham mdi, é(t),&(t) cling hoi tu vé 0 theo ham md. Nén ludn tén tai R,
A >0 sao cho:

le(t)| < Re™ ét)|<R e Et)[<R e” = [¢f <R%™ ;e[ <R% ™ (24)
V& phai clia (24) sé bi chdn b&i 1 ham c6 dang Me ™, v&i M du Ién va 1 chon g tri thich hop:
gt <Me™ = lim|gi(t) < limM e? =0 (25)
T d6 ta co:
; 1. . MM
p(t 7)dz| < ||p(r)|dr < [Me#dr=-=Me ™| ==-—=e ™
lo(t)| = j;o() j|¢( ) j e =77 (26)

Nén g(t) ludn bj chan, tirc la tich phan f|¢(7)|df luén hiru han (day 1a diéu can chirng minh).
0

4. Cac két qua moé phéng

Dé tinh toan s, gia tri cac tham sb clia hé dwoc cho nhw sau: g = 9,81(m/s?); m: = 0,51(kg); J1 =
5,1.10-4(kg.m?); r = 0,062(m); mz = 9,01(kg); J2 = 0,228(kg.m?); a = 0O(m); b = 0,7(m); a = 15% & =
1,3929% Ky = 10; Kg = 5.

V&i cac sb liéu cho nhuw trén sau khi tinh toan, ta dwoc mot sb két qua mé phdng cho trén cac
Hinh 2, 3, 4, 5, 6, 7. Tl Hinh 2, 3, 4, ta thay khi xe di chuyén trén mat phang nam ngang ta c6 thé
diéu khién dé xe chuyen doéng véi van toc khdng ddi va than xe 6n dinh & vi tri thang dirng (9 0).
Nhung khi xe di chuyén trén mat phang nghiéng, tir cac Hinh 5, 6, 7, ta thdy, muén van téc cla xe
khong ddi thi than xe phai nghiéng mét géc 6y = 1,39°.
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Hinh 7. Vén téc lac cta than xe khi xe
di chuyén trén mat phang nghiéng

Trong bai b4o nay, da nghién ctru dong lwc hoc va thiét ké quy luat diéu khién cho xe hai banh
kiéu con lac nguwoc di chuyén trén mét phang nghiéng. T cac két qua tinh toan cho thay, xe hoat déng
on dinh v&i quy luat didu khién da dwa ra, tuy nhién, dé xe di chuyén véi van téc khong dbi trén mat
phang nghiéng thi than xe phai nghiéng mét géc s khong déi nao do, tiy thudc vao két ciu than xe.
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