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Toém tit

Trong bai bao nay, nghién ciru phwong phap tinh
todn s6, tim nghiém cia cdc hé phwong trinh vi
phén c6 chira cdc thanh phan dao ham cdp khong
nguyén. Ban dau, mét cong thirc dinh nghia vé
dao ham cdp phan sé dwoc trinh bay, dwa vio
dinh nghia ndy, mét céng thirc xdp xi tinh todn
dao ham cdp phdn s6 da dwoc xdy dung va ldp
trinh tinh toan. S dung chwong trinh tinh todn
xdy dung dwoc dé tinh todn dao dong ciia mé hinh
b 16 trong d6 c6 ké dén cdc thanh phan can nhét
cap phan so.

Tw khoa: Dao ham cdp phdn s6, dao déng,
phuong phadp so.

Abstract

This paper focus on research of numerical
methods for solving systems of differential
equations  that  contain  fractional  order
derivatives. At first, the definitions of fractional
order derivatives were presented, based on these
definitions, an approximation formula for
calculating fractional order derivatives was built
and programmed. Finally, the program that has
been built are used to calculate vibration of car
model in which viscoelastic material contain

fractional order derivatives.

Keywords: Fractional-order derivative,

vibration, numerical method.

1. Mé dau

Ly thuyét dao ham cép khong nguyén di duoc
dua ra tir cudi thé ky XIX. Luc dau ly thuyét nay 1a
moét linh vuc thuan tuy cua toan hoc. Tuy nhién, mot
vai chuc nam g?m day, voi su ra doi cua nhiéu vat
liéu méi, nguoi ta thay rang, dao ham va tich phan
cAp phan sb rat phu hop cho sy mé ta tinh chat cua
cac vt liéu nay [16, 18].

C6 nhiéu tmg dung ciia dao ham cap phan sd
trong linh vuc co hoc da dugc quan tdm nghién curu,
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trong cac cong trinh [1, 4, 13, 14] da d& cap dén viéc
thiét 1ap mo hinh cua tinh chit co hoc cac vat lidu.
Céc cdng trinh [7, 9, 11] nghién ctu mo hinh trang
thai ciia nhitng vat li€éu dan nhét va nhot déo dudi
anh huong cua ngoai lyc. Cac cong trinh [5] mo ta sy
tat dan cua nhimg hé co hoc, [8] nghién ctru mo hinh
cua cac hé dan nhdt,. ..

Viéc mé hinh héa va md ta tinh chit cua cac co
hé théng qua dao ham cip phan sd, tit nhién, s& dan
tdi nhitng phuong trinh vi phan c6 chira cac thanh
phan dao ham cip phan sé va dan t6i su can thiét
phai giai nhitng phuong trinh nhu vay.

Trong bai bao nay, nhom tac gia tap trung nghién
clru tinh toan cac dao ham cap khong nguyén bang
phuong phap s6, két hop véi thuat toan Runge-Kutta
bac 4 thiét 1ap mot chuong trinh tinh toan sb, tim
nghiém cua cac hé¢ phuong trinh vi phan cé chira cac
thanh phan dao ham cip khong nguyén. Sir dung
chuong trinh thiét l1ap dugc, tinh toan dao dong cua
mo hinh 6 t6, trong d6 c6 ké dén cac thanh phan dan
nhét cép phén sd.

2. Pao ham cép phan s trong cic hé dao dong

2.1. Pao ham cip phin sé trong cdic phwong
trinh dong lirc hoc

Xét mo6 hinh dong lyc hoc c¢6 dang nhu Hinh 1,
trong d6 khéi lwong m duoc lién két véi nén bang
mot 16 xo tuyén tinh d6 cing & va mot thanh phan
can nhét cép a (0 < a<1)dj can c, chiu tac dung
cua luc F(f). Ap dung dinh luat 2 Newton, ta c6:

md(t) = F(t) - R (1) -R,(t) 0]

Theo [19], lyc dan hdi R; va luc can nhét R, 1a
lyc can cua can nhét, duge cho bdi cong thire:

R,(t) =ka(t), R, (t) =cDq(t) )

Thay (2) vao (1), ta dugc phuong trinh dong luc
hoc c6 dang:

mdi(t) +cDq(t) + ka(t) = F(t) 3)

Phuong trinh (3) 14 phuong trinh dong luc hoc ¢6
chtra dao ham cép phan sd, tir d6 cho thiy, trong cac
phuong trinh dong luc hoc, dao ham cip phan sé
xuét hién 1a do thanh phan can cap phan sd c6 mit
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trong cac mo hinh dao dong.
F

) " g

¢, a
Ryt Ra(1)

Hinh 1. Mé hinh dao déng cé cin nhét cip phin so

Dé giai dugc cac hé phuong trinh vi phan co
dang nhu phuong trinh (3) bang cac phuong phap sd,
ta cAn phai tinh dugc cac thanh phin dao ham cip
khong nguyén trong cac phuong trinh d6.
2.2. Céng thirc tinh todn sé doi véi dao ham
cdp phén so

Theo tai liéu [10] dao ham cdp «, cua ham f{7),
duoc cho boi cong thic:

(O ..
rl-a)

1 j-f(z')dz'+

Dt = Tl-a)1 t-1)"

“4)
Gia str f{f) 1a ham lién tuc trong khoang [0, T], ta
chia ludi khoang trén véi bude chia A, véi cac diém
chia t, t1, ..., t;, ... nhu sau:
t, =01, .., t, t,,=t+h .. (5)
Tir (4) ta c6 dao ham cip « cua f{7) tai thoi diém
t; c6 dang:

(O .
rl-a)"

1 ‘j f(r)dr .

DiT) = rd-a)i  —1)"

(6)

Xap xi thanh phan tich phan trong (6) bang cong
thirc hinh thang [12], ta dugc:

DA (1) = = ()" +

(l-a) Ir2-a)

[ R+ i) 1) ™)

+hiZ_l: f(t))-(t —t,.)“‘j

Cong thirc (7) cho ta x4p xi cua dao ham cép a,
tai thoi diém #.
3. Phwong trinh dong lwc hoc cia hé dao
dong 6 to c6 ké dén phan tir cin cip phan sé

Xét md hinh dao dong cua 6 t6 nhu Hinh 2, trong
d6 than xe c¢6 khdi luong m dwoc xem nhu mot vat
rin chuyén dong song phang, goi J 1a md men quén
tinh cta than xe dbi truc di qua khéi tim C, cac banh
xe duoc md hinh hoa bang céc vt ran c6 khbi luong
my va my. Hé théng treo cua 0 t0 dugc mo hinh hoa
bang céac 10 xo ki, k3 va cac thanh phan can nhot ¢,
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¢3. Lién két giira cac banh xe va mat duong duge mo
hinh hoa béi cac 16 xo ka, ks va cac thanh phan can
nhét cp phan s6 a (0 < a < 1) ¢2, ca. Bién dang ctia
mat duong dugc md hinh hoa bdi cac dich chuyén uj
va u;.

Ry Re

Hinh 3. Cac lyc tiac dung lén hé dao dong

Bo qua dich chuyén theo phuong ngang cua than
xe, khi d6 céc lyc tac dung 1én hé dugc cho nhu trén
Hinh 3, trong d6 cac thanh phén luc dan hdi Ry, Rai,
R31, R41 va luc can Ria, Ry, R3, R, duoc cho boi
cong thire:

{Rll = k1(yc tap— y1) (8)

R, = Cl(yC +ap-— y1)

{Rm =k, (y,— W) )
R,, = CzDa (y1 _ul)

{Rslzks(yc —,0-Y,) (10)
R32 = Ca(Yc _az(b_ yz)

{R41:k4(yz_u2) (11)
R42 = C4Da(y2 _uz)

Ap dung dinh luat 2 Newton cho céc banh xe, ta co:

my, =R, +R, —R,, —R,, (12)
m2y2:R31+R32_R41_R42 (13)
Ap dung nguyén Iy D’ Alembert cho than xe, ta c6:
Mye =—Ry — R, —Ry =Ry, (14)
‘](p:_ai(Rn"‘Ru)"'az(Ral"'Raz) (15)
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Thay (8), (9), (10), (11) vao cac phuong trinh
(12), (13), (14) va (15), ta dugc hé cac phuong trinh
mo ta dao dong cua 6 t6 c6 dang:

myc + (Cl +C3)Yc + (Clal _C3a2)¢’_01Y1 _Csyz

(16)
+(k1 + ks)yc + (k1a1 - kaaz)(o_ klyl - ksyz =0
J¢=_31k1(yc+a'1¢_y1)_a101(yC+a1¢_Y1) (17)
+a2k3(yc —a,p— yz)"'azcs(YC _az¢_ yz)
my, —cY. —cap+cy, -k Y. —kap (18)
+(k1 + kz)y1 - kzul = _CzDa (Y1 _ul)

m, ¥, —C, Ve +C,a,@+C,Y, — K,y +K;a,0 19

+(k3 + k4)y2 - k4U2 = _C4Da(YZ _uz)

Céc phuong trinh (16), (17), (18) va (19) cho ta
mot hé phuong trinh vi phan cép 2, dé dua hé nay vé
hé phuong trinh vi phan cép 1, ta dit:

ST
q:[yC’ O Y Yor Yoo @ Yis yz] (20)
Khi d6 ta dugc hé¢ phuong trinh vi phan c6 dang:

g=Ag+D+U

21
~f(t,u,9,D",, Dq,, D", DU,)
Trong do:
0 E u
A — 4x4 4x4 ’ U= 1 (22)
A A, u,
k, +k, kia, —k,a, kK ks ]
m m m m
ka —ka, ka’+ka’® ka o ka
A= ! I3 @)
b _ﬁ _ki_al k +k, 0
m m, m,
_k K;a, 0 ks +K,
L m, m, m, i
C +Gy Ga —Ga, C _C_3_
m m m m
a—ca, Cca°+ca,’ _Ca Gy,
A= ) T3 e
_& 3y S,
m, m, m,
R T
L m2 mz m2 i
c c '
D 0 -= D“ 4 D“* 25
{ 6xt m, s m, q& (25)
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k,u c,D“u, k,u, c¢,D%
2 l+ 2 l' 4 2+ 4
rnl mZ m2

H¢ phuong trinh (21), 1a mdt hé phuong trinh vi
phan c¢6 cac thanh phan dao ham cdp phan sb. Viéc
giai hé phuong trinh nay bang phuong phap giai tich
1a hét strc kho khin va viée sir dung cac phuong phap
tinh toan s6 quen thudc ciing khong thé ap dung
dugc ma can phai dugce cai tién cho phu hop.

u:%m, 2}@@

4. Phuong phap s6 va két qua mo phéng

4.1. Phwong phdp so gidi hé phwong trinh vi
phdn coé thanh phan dao ham cdp khong nguyén

C6 nhiéu thuat toan sb co thé sir dung dé giai cac
hé phuong trinh vi phan, trong phan nay, nghién ciru
cai tién phuong phap Runge-Kutta bac 4 tinh toan
gan dung nghiém cla cac phuong trinh vi phéan ¢
céc thanh phan dao ham cap phéan sd. Xét hé phuong
trinh vi phéan c¢6 dang nhu phuong trinh (21), theo tai
lidu [12], dé tim nghiém cua hé trong khoang ¢ = [0,
7], ta chia luéi khoang trén thanh n phan véi cac
diém chia nhu sau:

t, =01, . =t +h, ., t, =T 27

Khi do, nghl@m gan dung tai thoi diém #+1, duoc
tinh theo cong thirc sau:

. |’ |+1

Qi =0 +g(k1+2k2 +2k, +k,) (28)
Trong do:
a; =q(t), a4, =a(t.,) =alt +h) (29)
t,u(t),q.,D%0.(t),
klzf(.:l(.)q ). j o0
D“q, (), DU (t,), D u, (t;)
U(t + )q,+ k DaQ3(ti+E),
kZ:f 2h 31)
D%q, (Y +§), Dy, (t, +§)a Du, (t, +E)
+E’u(ti +h)’qi +Ek2| D, (t; +E),
=) h2 i h 2h (32)
Daq4 (ti +§)’ Daul(ti +E)v Duuz(ti +§)

K —f t. +h,u(t +h),q; + hk,, D“q,(t, +h), )
Y| DUg,(t, +h), Dy, t, +h), DU, (t, +h)

Trong cac cong thirc (30), (31), (32) va (33), cac
thanh phan dao ham cép a (v6i 0 < < 1) ctia gs, g,
wy va up tai cac thoi diém # va 4 + /2 can phai
duoc tinh theo cong thuce (7).
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Duya trén thudt toan cai tién nay, nhom tac gia da
xdy dung dwoc chuong trinh tinh toan sb, tim
nghiém cua cua cac h¢ phuong trinh vi phan c6 chira
céc thanh phan dao ham cép phan sb.

4.2. Két qud mé phong sé

Pé tinh toan sd, cac tham sb cua hé théng duoc
cho nhu trong Bang 1.
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Bing 1. Gid tri cdc tham sé ciia hé dao dong

Tham s6 Gia tri Pon vi
m 1395 kg
J 642 kgm?
mi 80 kg
m2 80 kg
ci 1730 Ns/m
c3 1730 Ns/m
() 10 Ns/m
c4 10 Ns/m
ki 43436 N/m
k3 54294 N/m
19} 284000 N/m
ka 520000 N/m
a 1,30556 m
a 1,04444 m

Bién dang mat dwong 13 mot ham didu hoa co

dang nhu Hinh 4.

u
0.1 (m)Ii

15 (m)

Hinh 4. Bién dang mdt dwong

1

2

3 4 5

el

1 2 3 4 5
tls]

Hinh 5. Dao djng ciia xe itng véi toc dé v = 25km/h

0.04

phi[rad]

=

E W/
1
-0.02 1

yi[m]
° o
- 8 £

y2 [m]

t[s]

tis]

Hinh 6. Dao dpng ciia xe iing véi toc dp v = 35km/h

0.2

0.

¥C [m]

01
°/\/\/\/\/

phi [rad]

1

2

3 4 5
t(s]

1 2 3 4 5

t[s] ’

Hinh 7. Dao dpng ciia xe iing véi toc dp v = 50km/h

0.04

phi [rad]

-0.04

0.02
0
-0.02

t[s]

0.15

Véi cac sd lieu nhu trén, sau khi tinh toéan, ta
duoc két qua dao dong cua xe trong mot s6 téc do
chuyén dong dugc cho trong cac Hinh 5, 6, 7 va 8
trong d6, do thi ctia y; va y» theo thoi gian, 1an lugt
mo ta dao ddng cua truc banh xe trudc va banh xe
sau, do thi yc md td dao dong theo phuong théng
dimg cia khdi tam than xe va dd thi @ md ta dao
dong lic cua than xe so Vi phuong nam ngang.

Tir cac két qua tinh toan cho ta thay, khi chuyén
dong vai tbe dd 25km/h, khéi tim C cia than xe dao
dong 1én xuéng vo1 bién d6 0,052m, than xe dao
dong lic voi bién do 0,021rad, khi chuyén dong véi
tbc do 35km/h, khdi tim C dao dong véi bién do

y2 [m]

0.1
0.05
0

1 2 3
tls]

4

-0.05
0

tls]

Hinh 8. Dao dgng ciia xe iing véi téc dp v = 60km/h

0,065m, than xe dao dong vaéi bién do 0,022rad, khi
chuyén dong véi toc do 50km/h, khéi tdim C dao
dong voi bién d6 0,091(m), than xe dao dong véi
bién do 0,023rad, khi chuyén dong voi toc do
60km/h, khdi tim C dao dong voi bién do 0,15m,
than xe dao dong vdéi bién do 0,024rad. Vay, voi tde
d6 cang cao, thi bién do va tin sé dao dong cua than
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xe cang 16n, do d6 khi di chuyén trén mat dudng co

bién dang diéu hoa, ta can giam toc do dé han ché

anh hudng khong t6t dén ngudoi trén xe.

5. Két luan

Trong bai bao nay, nhom tac gia da nghién ctu
xdy dyng chuong trinh tinh toan sd, tim nghiém ctia
céc hé phuong trinh vi phan c6 chira cac thanh phan
dao ham cip khong nguyén, st dung chuong trinh
thiét lap dugc, da tinh todn dao dong ctia md hinh
dao dong 6 to, trong d6 c6 ké dén cac thanh phan can
nhét cap phan sé. Cac két qua thu dwoc 1a cac do thi

md ta dao dong ciia than xe va banh xe trong mot sd

tdc d6 di chuyén khac nhau trén mat duong map mo

c6 dang mdt ham diéu hoa.

Lo&i cdm on

Nghién ctru nay duogc tai trg boi Truong Pai hoc

Hang hai Viét Nam trong dé tai ma s6: DT22-23.47.
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